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INSTRUCTIONS: 

 

(i) Answer question ONE and any other TWO QUESTIONS in this paper, and NOT MORE. 

(ii) Show all your working clearly 

(iii) Do not write on the question paper  

 

QUESTION ONE (30 MARKS - COMPULSORY) 

(a) Define a second order partial differential equation (PDE) with constant coefficients, and list at least 

two areas where differential equations are applied in real life.                            (3 Marks) 

(b) By differentiating appropriately, obtain a first order partial differential equation associated with the  

relation 𝑧 = αx4 + βy4                                                        (4 Marks) 

(c) Solve the following basic PDEs  

(i) r = 7x              (3 Marks) 

(ii) t = −cos(6xy)           (5 Marks) 

(d) Classify the following PDEs in terms of order and degree 

i. 
𝜕2𝑧

𝜕𝑥2 − 𝑥𝑦
𝜕2𝑧

𝜕𝑥𝜕𝑦
+ 2 = 𝑥2𝑦          (2 Marks) 

ii. √5 −
𝜕6𝑦

𝜕𝑥6 =     𝑦5           (3 Marks) 

(e)  Solve completely the following non homogeneous PDE : (D1
2 − D2

2)z = x2 − 2y   

                                     (10 Marks) 

 

QUESTION TWO (20 MARKS - OPTIONAL)  

a) Solve the PDE 
𝜕2

𝜕𝑥2 𝑧 = 12𝑥2(𝑡 + 1) given the boundary conditions that when 𝑥 = 0  , 𝑧 =

 𝑐𝑜𝑠 2𝑡 and 
𝜕𝑧

𝜕𝑥
= 𝑠𝑖𝑛 𝑡 (HINT: use direct integration)         (8 Marks) 

b) A stretched string of length 20cm is set to oscillate by displacing its midpoint 1cm from its rest 

position and releasing it with zero initial velocity. By solving the wave equation 
𝜕2𝑢

𝜕𝑥2 =
1

𝑐2

𝜕2𝑢

𝜕𝑡2
, c2=1, 

determine that the resulting motion takes the form 𝑢(𝑥. 𝑡) = ∑ 𝑠𝑖𝑛
𝑟𝜋𝑥

20
∞
𝑟=1 [𝑃𝑟𝑐𝑜𝑠

𝑟𝜋𝑡

20
+ 𝑄𝑟𝑐𝑜𝑠

𝑟𝜋𝑡

20
]

                                                                                             (12 Marks) 
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QUESTION THREE (20 MARKS - OPTIONAL)  

(a) A consequence of the relation,      yxhvgufz , , with 𝑢 = 𝑢(𝑥, 𝑦) 𝑎𝑛𝑑 

𝑣 = 𝑣(𝑥, 𝑦) is the matrix 0

00

00

22

22












thvuvu

shvvuuvu

rhvuvu

qhvu

phvu

yyyyyyyy

xyyxyxxyxy

xxxxxxxx

yyy

xxx

, which when solved, yields a 

second order PDE associated with that relationship. Using these facts, form a second order PDE 

from the relation 𝑧 = 𝑓(𝑢) + 𝑔(𝑣), where 𝑢 = 2𝑥 + 𝑦   and 𝑣 = 5𝑥 + 𝑦.  (10 Marks) 

 

(b) (i) Prove that when a non-homogeneous second order partial differential equation takes the form 

𝐹(𝐷1, 𝐷2)𝑧 = 𝑐𝑜𝑠(𝑎𝑥 + 𝑏𝑦) or 𝐹(𝐷1, 𝐷2)𝑧 = 𝑠𝑖𝑛(𝑎𝑥 + 𝑏𝑦), then 

)()(),( 21

22

2

22

1 abDDandbDaD       (4 Marks) 

(ii) Use this result to solve completely the PDE (𝐷1 + 2𝐷2 + 3)(𝐷1 − 𝐷2)𝑧 = 𝑠𝑖𝑛(2𝑥 − 𝑦)  

            (6 Marks) 

QUESTION FOUR (20 MARKS - OPTIONAL) 

 

(a) You are required to use canonical transformation method to solve the PDE                3uxx +
10uxy + 3uyy = 0 

i) Find the discriminant and classify this equation      (3 Marks) 

ii) Determine the auxiliary equation and solve it to obtain the characteristic roots   

         (4 Marks) 
iii) Hence solve the equation        (5 Marks)

    

(b) Define reducible and non-reducible PDEs and classify each of the following equations accordingly 

(i) 𝐹(𝐷1, 𝐷2) = 𝐷1
2 + 4𝐷1𝐷2 − 6𝐷2

2     

 (ii) 𝐹(𝐷1, 𝐷2) = 𝐷1
2 + 3𝐷2

2  

(iii)𝐹(𝐷1, 𝐷2) = 𝐷1
2 − 𝐷2

2 

(iv)𝐹(𝐷1, 𝐷2) = 𝐷1
2 − 𝐷1𝐷2 − 6𝐷2

2     (8 Marks) 

 

QUESTION FIVE (20 MARKS - OPTIONAL)  

a) Prove that for a reducible PDE of the form 𝐹(𝐷1, 𝐷2)𝑧 = (𝑎1𝐷1 + 𝑏1𝐷2 + 𝑐1)𝑧 = 0 , the 

complementary solution becomes 𝑧 = 𝑒
−

𝑐1
𝑎1

𝑥
(𝑏𝑖𝑥 − 𝑎𝑖𝑦)

1
     (6 Marks) 
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(b) Further, if the PDE is non-homogeneous and takes the exponential form 𝐹(𝐷1, 𝐷2)𝑧 = 𝑒(𝑎𝑥+𝑏𝑦), 

prove that the consequence is that 𝐷1 = 𝑎 and 𝐷2 = 𝑏.          (4 Marks) 

(c) Combining the results of (a) and (b) above, obtain the complete solution of the following non-

homogeneous equation (𝑝𝑟 − 2𝑟q − pt + 2qt) = 𝑒(𝑥+2𝑦)  i.e. (𝐷1
3 − 2𝐷1

2𝐷2 − 𝐷1 𝐷2
2 + 2𝐷2

3)𝑧 =

𝑒(𝑥+𝑦). (HINT: One of the factors of 𝐹(𝐷1, 𝐷2) is (𝐷1 − 2𝐷2). By using ordinary long division, you 

should easily get the other factors).                  (10 Marks) 

 


